Let (M, g) be a Riemannian manifold and G a nondegenerate g-natural metric on its tangent bundle T M . In this paper we prove first that (M, g) is totally geodesic in (T M, G) and we establish a relation between the Jacobi operators of (M, g) and of (T M, G). In the case where dim M = 2, we prove that only flat g-natural metrics on the tangent bundles of flat Riemannian surfaces are of constant sectional curvature. We compute explicitly the spectrums of some Jacobi operators of (T M, G) and give necessary and sufficient conditions for (T M, G) to be an Osserman manifold. MSC2000: Primary 53B20, 53C07; Secondary 53A55, 53C25.
Introduction
In [1] , K.M.T. Abbassi and M. Sarih introduced the notion of g-natural metrics on the tangent bundle T M of a Riemannian manifold (M, g) . A metric G on T M is called a g-natural metric if it comes from g by a first order natural operator S 2 + T * (S 2 T * )T, where S 2 + T * and (S 2 T * )T denote respectively the natural bundle of Riemannian metrics and the natural bundle of (0, 2)-tensor fields on the tangent bundles (cf. [6] for the definitions of natural bundles and operators and associated notions). They gave a characterization of g-natural metrics on T M in terms of functions defined on R + , and obtained necessary and sufficient conditions for g-natural metrics to be either nondegenerate or Riemannian.
and its Jacobi operator at a point x ∈ M and for a vector X ∈ T x M is defined by the map then h{T (X 1 , · · · , u, · · · , X s−1 )} (respectively v{T (X 1 , · · · , u, · · · , X s−1 )}) is a horizontal (respectively vertical) vector at (x, u) which is defined by the formula h{T (X 1 , · · · , u, · · · , X s−1 )} = u λ T (X 1 , · · · , .
Moreover h{T (X 1 , · · · , u, · · · , u, · · · , X s−t )} and v{T (X 1 , · · · , u, · · · , u, · · · , X s−t )} are defined by similar way.
Also let us make the notations
and
Thus h{X} = X h and v{X} = X v , for each vector field X on M . From the preceding quantities, one can define vector fields on T U in the following way:
is a given point in T U and X 1 , · · · , X s−1 are vector fields on U , then we denote by
the horizontal (resp. vertical) vector field on T U defined by
Moreover, for vector fields X 1 , · · · , X s−t on U , where s , t ∈ N * (s > t), the vector fields h{T (X 1 , · · · , u, · · · , u, · · · , X s−t )} and v{T (X 1 , · · · , u, · · · , u, · · · , X s−t )} on T U , are defined by similar way. Now, for (r, s) ∈ N 2 , we denote by π M : T M → M the natural projection and F the natural bundle defined by
We call F -tensor fields of type (r, s), the sections of the canonical projection F M → M . So, if ⊕ denotes the fibered product of fibered manifolds, then the F -tensor fields are mappings Let P be an F -tensor field of type (r, s) on M . Then on U , we can define an (r, s)-tensor field P S u (or P u if there is no risk of confusion) associated to u and S by
On the other hand, if we fix x ∈ M and s vectors
for all u ∈ T x M . Let s > t be two non-negative integers, T be a (1, s)-tensor field on M and P T be an F -tensor field of type (1, t) of the form
for all (u; X 1 , · · · , X t ) ∈ T M ⊕· · ·⊕T M , i.e., u appears s−t times at positions
1) The covariant derivative of P T u , with respect to the Levi-Civita connection of (M, g) is given by :
for all vectors X, X 1 , · · · , X t in T x M , where u appears at positions i 1 , · · · , i s−t in the right-hand side of the preceding formula.
2) The differential of P T (X 1 ,···,Xt) at u ∈ T x M , is given by :
where t = g x (u, u), X h and X v are respectively the horizontal lift and the vertical lift of the vector X ∈ T x M at the point (x, u) ∈ T M . For dim M = 1, the same holds with β i = 0, i = 1, 2, 3.
Proposition 1.2 [1] A g-natural metric G on the tangent bundle of a Riemannian manifold (M, g) is : (i) nondegenerate if and only if the functions
(ii) Riemannian if and only if the functions α i , β i , i = 1, 2, 3 of Proposition 1.1 defining G, satisfy the inequalities
for all t ∈ R + . For dim M = 1, this system reduces to α 1 (t) > 0 and α(t) > 0, for all t ∈ R + .
2 Embedding of (M, g) in its g-natural extension
Notation 2.1 For a Riemannian manifold (M, g), we set :
where
Let ∇ be the Levi-Civita connection of g and∇ the Levi-Civita connection of a nondegenerate g-natural metric G defined by the functions α i , β i , i = 1, 2, 3 in Proposition 1.1. We have:
Futhermore the null section S 0 of X(M ) defined by
determines an embedding of M in T M . Its differential at any point x ∈ M is given by
Then according to (28) and (16) 
∀ X, Y ∈ X(M ), where X, Y in the left side can be viewed as the extensions of X and Y on T M by their horizontal lifts. So we have the following proposition.
Proposition 2.2 Any Riemannian manifold (M, g) is totally geodesic in its tangent bundle equipped with Riemannian g-natural metrics.

Corollary 2.1 Only flat g-natural metrics on the tangent bundle of flat Riemannian surfaces (M, g) are of constant sectional curvature.
We have the following remarks. [5] to the case where dim M = 2.
Remark 2.1 This corollary extends Proposition 4.3 in
where the functions α i , i = 1, 2, 3 are evaluated at 0 ∈ R + .
Proposition 2.2 holds whenever G is nondegenerate g-natural metric, since (16) holds also for nondegenerate g-natural metrics.
In the sequel we assume that (T M, G) is a Riemannian g-natural metric.
Jacobi operators and Osserman g-natural extensions
In the above section, we proved that (M, g) is totally geodesic in (T M, G). By using this result we get:
Proposition 3.1 Assume that dim M ≥ 2, and x ∈ M . If λ is an eigenvalue of a Jacobi operator J X for X ∈ S(T x M ) then λ is an eigenvalue of the Jacobi
Proof.
Let us choice an orthonormal basis (X 1 , · · · X m ) in (T x M, g x ) such as X 1 = X, and an orthonormal basis (
in this basis has the form J 1 0 0 J 2 where J 1 is the matrix of J X in the basis (X 1 , · · · X m ), and J 2 is a square matrice of order m. Thus if λ is an eigenvalue of J X then λ is an eigenvalue ofJ X h (x,0x ) .
Then we have:
Corollary 3.1 If (T M, G) is pointwise Osserman manifold (respectively globally Osserman manifold) then the same holds for (M, g).
In the following we give an expression of the Jacobi operatorJX of (T M, G). Firstly, let us consider the following F -tensors which are defined in terms of the F -tensors A, B, C, D, E, and F of Proposition 2.1 such as we have at any point x ∈ M :
Then according to (2) and by refering to [5] , the Jacobi operatorJX is determined bȳ 
Osserman g-natural extensions of Riemannian surfaces
In this section we assume that (M, g) is a Riemannian surface with Gauss curvature k and Riemannian curvature R, and G is a Riemannian g-natural metric defined by the functions α i , β i , i = 1, 2, 3 of Proposition 1.1. Next, let x ∈ M and (U, (x 1 , x 2 )) a normal coordinate system of (M, g) centred at x.
For any vector
Then we have
for all vectors X, Y, Z ∈ T x M . So we have the following proposition.
is given by the set 0x) ) is a basis in T (x,0x) T M and according to (43) and (45) we havē
−[f 
where we set δ P (0) = (f 
for P = A, B. This is a triangular matrix and then we complete the proof.
Recall that S 0 denotes the null section of T M . We have: 
where we set δ P (0) = (f
